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FAMILIES OF ABSOLUTELY SIMPLE HYPERELLIPTIC
JACOBIANS
YURI G. ZARHIN
Abstract. We prove that the jacobian of a hyperelliptic curve y2 = (x−t)h(x)
has no nontrivial endomorphisms over an algebraic closure of the ground field
K of characteristic zero if t ∈ K and the Galois group of the polynomial h(x)
over K is an alternating or symmetric group on deg(h) letters and deg(h) is
an even number > 8. (The case of odd deg(h) > 3 follows easily from previous
results of the author.)
1. Statements
As usual, Z, Q and C stand for the ring of integers, the field of rational numbers
and the field of complex numbers respectively. If ℓ is a prime then we write Fℓ,Zℓ
and Qℓ for the ℓ-element (finite) field, the ring of ℓ-adic integers and field of ℓ-adic
numbers respectively. If A is a finite set then we write #(A) for the number of its
elements.
Let K be a field of characteristic different from 2, let K¯ be its algebraic closure
and Gal(K) = Aut(K¯/K) its absolute Galois group. Let n ≥ 5 be an integer,
f(x) ∈ K[x] a degree n polynomial without multiple roots, Rf ⊂ K¯ the n-element
set of its roots,K(Rf ) ⊂ K¯ the splitting field of f(x) and Gal(f) = Gal(K(Rf )/K)
the Galois group of f(x) over K. One may view Gal(f) as a certain group of
permutations of Rf . Let Cf : y
2 = f(x) be the corresponding hyperelliptic curve of
genus ⌊(n− 1)/2⌋. Let J(Cf ) be the jacobian of Cf ; it is a ⌊(n− 1)/2⌋-dimensional
abelian variety that is defined over K. We write End(J(Cf )) for the ring of all K¯-
endomorphisms of J(Cf ). As usual, we write End
0(J(Cf )) for the corresponding
(finite-dimensional semisimple) Q-algebra End(J(Cf ))⊗Q.
In [40, 42, 44] the author proved the following statement.
Theorem 1.1. Suppose that Gal(f) is either the full symmetric group Sn or the
alternating group An. Assume also that either char(K) 6= 3 or n ≥ 7. Then
End(J(Cf )) = Z. In particular, J(Cf ) is an absolutely simple abelian variety.
The aim of this note is to discuss the structure of End(J(Cf )) when f(x) has a
root in K and the remaining degree (n− 1) factor of f(x) has “large” Galois group
over K.
Remark 1.2. Suppose that t ∈ K is a root of f(x). By the division algorithm,
f(x) = (x−t)h(x) with t ∈ K and h(x) a polynomial of degree n−1 with coefficients
in K. Then Rf is the disjoint union of singleton {t} and the (n − 1)-element set
Rh of roots of h(x). Clearly, K(Rh) = K(Rf) and Gal(h) = Gal(f).
Our first result is the following statement.
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Theorem 1.3. Suppose that n = deg(f) ≥ 6 is even, f(x) = (x−t)h(x) with t ∈ K
and h(x) ∈ K[x]. Suppose that Gal(h) is either the full symmetric group Sn−1 or
the alternating group An−1. Assume also that either char(K) 6= 3 or n ≥ 8. Then
End(J(Cf )) = Z. In particular, J(Cf ) is an absolutely simple abelian variety.
Proof. We have n = 2g+2 where g is the genus of Cf and n− 1 = 2g+1 = deg(h).
Let us consider the polynomials
h1(x) = h(x+ t), h2(x) = x
n−1h1(1/x) ∈ K[x].
They all have degree n− 1 ≥ 5; in addition, n− 1 ≥ 7 if char(K) = 3. We have
Rh1 = {α− t | α ∈ Rh}, Rh2 = {
1
α− t
| α ∈ Rh}.
This implies that
K(Rh2) = K(Rh1) = K(Rh)
and therefore
Gal(h2) = Gal(h1) = Gal(h).
In particular, Gal(h2) = Sn−1 or An−1.
Now the equation for Cf may be written down as
y2 = (x− t)h1(x− t).
Dividing both sides of the latter equation by (x− t)2(g+1), we get
[y/(x− t)g+1]2 = (x− t)−(n−1)h1(x− t) = h2(1/(x− t)).
Now the standard substitution
x1 = 1/(x− t), y1 = y/(x− t)
g+1
establishes a birational K-isomorphism between Cf and a hyperelliptic curve
Ch2 : y
2
1 = h2(x1).
Now the result follows readily from Theorem 1.1 applied to the polynomial h2(x).

The case of odd n is more difficult.
Theorem 1.4. Suppose that n = deg(f) ≥ 9 is odd and f(x) = (x − t)h(x) with
t ∈ K and h(x) ∈ K[x]. Suppose that Gal(h) is either the full symmetric group
Sn−1 or the alternating group An−1. Then one of the following conditions holds.
(i) End0(J(Cf )) is either Q or a quadratic field. In particular, J(Cf ) is an
absolutely simple abelian variety.
(ii) char(K) > 0 and J(Cf ) is a supersingular abelian variety.
When the genus is at least 5, we may improve the result as follows.
Theorem 1.5. Suppose that n = deg(f) ≥ 11 is odd and f(x) = (x − t)h(x) with
t ∈ K and h(x) ∈ K[x]. Suppose that Gal(h) is either the full symmetric group
Sn−1 or the alternating group An−1. If char(K) = 0 then End(J(Cf )) = Z.
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Remark 1.6. If K is finitely generated over Q and h(x) ∈ K[x] is an arbitrary
polynomial of positive even degree without multiple roots then for all but finitely
many t ∈ K the jacobian of the hyperelliptic curve y2 = (x − t)h(x) is absolutely
simple [7, Theorem 9]. (See also [18].) The authors of [7] use and compare ap-
proaches based on arithmetic geometry and analytic number theory respectively.
In a sense, our approach is purely algebraic.
The paper is organized as follows. Section 2 contains auxiliary results from group
theory. In Sections 3 and 4 we study the structure of endomorphism algebras of
abelian varieties with certain Galois properties of points of order 2. Section 5
contains an explicit description of the Galois module of their points of order 2 on
J(Cf )). Combining this description with results of Sections 3 and 4, we prove
Theorems 1.4 and 1.5. In Section 6 we discuss families of hyperelliptic curves.
Section 7 contains auxiliary results about ℓ-adic Lie groups and their Lie algebras.
In Section 8 we prove under the conditions of Theorem 1.5 that if the ground field
K is finitely generated over Q then the image of Gal(K) in the automorphism
group of the ℓ-adic Tate module of J(Cf ) is almost “as large as possible”, namely,
it is an open subgroup in the group of symplectic similitudes. We use this openness
property in order to prove for self-products of J(Cf ) the Tate and Hodge conjectures
in Sections 9 and 10 respectively. Section 10 also contains the proof of the Mumford–
Tate conjecture for J(Cf ).
I am grateful to the referee, whose comments helped to improve the exposition.
2. Minimal covers and representations of alternating groups
Proposition 2.1. Let m ≥ 8 be an integer, Am the corresponding alternating
group. Let N be the smallest positive integer d such that there exists a group em-
bedding Am →֒ PGL(d,C). Then N = m− 1.
Proof. First, (for allm) there exists a well-known group embeddingAm →֒ GL(m−
1,C), which induces Am →֒ PGL(m − 1,C). Let us consider the non-split short
exact sequence of finite groups
1→ Z/2Z →֒ A′m ։ Am → 1
where A′m is the universal central extension of Am and Z/2Z is the center of A
′
m.
(Recall that m ≥ 8.) Let c be the only nontrivial element of the center of A′m.
Now suppose that we are given a group embedding Am →֒ PGL(d,C). We
need to prove that d ≥ m − 1. The universality property of A′m implies that the
embedding is the projectivization of a (nontrivial) linear representation
ρ′ : A′m →֒ GL(V )
where V = Cd. Replacing V by its A′m-invariant subspace of minimal dimension
with nontrivial action of A′m, we may and will assume that ρ
′ is a nontrivial irre-
ducible (but not necessary faithful) representation of A′m. We need to prove that
dimC(V ) ≥ m− 1. Schur’s Lemma implies that
ρ′(c) ∈ {1,−1} ⊂ C∗.
If ρ′(c) = 1 then ρ′ factors throughAm and we get a nontrivial linear representation
Am →֒ GL(V ), which must be faithful in light of the simplicity of Am. If this is
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the case then dimC(V ) ≥ m − 1 [14, p. 71, Theorem 2.5.15]. So, further, we may
and will assume that
ρ′(c) = −1,
and therefore ρ′ is faithful, i.e., ρ is a proper projective representation of Am [36,
p. 584]. Now an old result of Schur [32, S. 250] (see also [36, Th. 1.3(ii)] and [17,
Th. A on p. 1972]) asserts that dimC(V ) ≥ m− 1. 
2.2. Recall [11] that a surjective homomorphism of finite groups π : G1 ։ G is
called a minimal cover if no proper subgroup of G1 maps onto G . In particular, if
G is perfect and G1 ։ G is a minimal cover then G1 is also perfect. In addition, if
r is a positive integer such that every subgroup in G of index dividing r coincides
with G then the same is true for G1 [48, Remark 3.4]. Namely, every subgroup in
G1 of index dividing r coincides with G.
Lemma 2.3. Let m ≥ 5 be an integer, Am the corresponding alternating group
and G1 ։ Am a minimal cover.
Then:
(i) The only subgroup of index < m in G1 is G1 itself.
(ii) Suppose that m ≥ 8. If d is a positive integer such that there exists a group
embedding G1 →֒ PGL(d,C) then d ≥ m− 1.
Proof. Let H be a subgroup in Am of index r > 1. Then Am acts transitively on
the r-element set of (left) H-cosets. Therefore there is a nontrivial homomorphism
Am → Sr, which must be an embedding in light of the simplicity ofAm. Comparing
the orders, we conclude that
r! ≥
m!
2
> (m− 1)!
and therefore r ≥ m. This implies that the only subgroup of index < m in Am is
Am itself. Now arguments of Sect. 2.2 imply that the only subgroup of index < m
in G1 is G1 itself. This proves (i).
Now assume that m ≥ 8. By Proposition 2.1, if d is a positive integer such
that there exists a group embedding Am →֒ PGL(d,C) then d ≥ m− 1. Applying
Theorem on p. 1092 and Proposition 4.1 (combined with Sect. 4.2) of [11], we
conclude that if d is a positive integer such that there exists a group embedding
G1 →֒ PGL(d,C) then d ≥ m− 1. 
Remark 2.4. If m ≥ 10 is an even integer then it follows from results of Wagner
[35] that every projective representation of Am in characteristic 2 has dimension
≥ m− 2 [42, Remark 4.2].
Let G2 ։ Am be a surjective homomorphism of finite groups. Suppose that
F is a field of characteristic 2 and d a positive integer such that there exists an
embedding
G2 →֒ PGL(d,F).
I claim that d ≥ m − 2. Indeed, replacing G2 by its suitable subgroup, we may
assume that G2 ։ Am is a minimal cover. (E.g., one may take as G2 a subgroup of
the smallest possible order that maps surjectively on Am.) Then the result follows
from a theorem of Feit–Tits [11, p. 1092] (see also [16, Theorem 1]).
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Corollary 2.5. Suppose that m ≥ 10 is an even integer, L is a field that is a finite
algebraic extension of Q2 and V is a non-zero finite-dimensional vector space over
L with d := dimL(V ) < m− 2. Let G ⊂ AutL(V ) be a compact subgroup.
Then there does not exist a surjective continuous homomorphism G→ Am.
Proof. Suppose that there exists a surjective continuous homomorphism π : G ։
Am. We write H for ker(π): it is an open normal subgroup of finite index in G and
G/H ∼= Am. The surjectivity of π implies that the image of every normal subgroup
of G is normal in Am and therefore is either {1} or the whole Am.
Let O be the ring of integers in L. We write m for the maximal ideal of O and
F for the (finite) residue field O/m. Notice that there exists a G-stable O-lattice
T in V of rank d. (Our proof of this assertion follows [30, Sect. 1.1].) Indeed,
let T ′ be any O-lattice in V of rank d and let G′ be the set of s ∈ G such that
s(T ′) = T ′. This is an open subgroup of G, because T ′ is an open finitely generated
Zℓ-submodule of V . Since G is compact, the compact discrete G/G
′ is finite. The
O-lattice T generated by the lattices s(T ′), s ∈ G/G′, is G-stable. We have
G ⊂ AutO(T ) ⊂ AutL(V ).
We write G0 for the kernel of the reduction map modulo m
red : G→ AutO(T/mT )
and G˜ for its image. We have
G˜ ⊂ AutO(T/mT ) ∼= GL(d,F).
Clearly, G0 is a pro-2-group and π(G0) is a normal 2-subgroup in Am. Since Am is
simple non-abelian, π(G0) = {1}. This implies that π factors through a surjective
homomorphism
π0 : G˜ = G/G0 ։ Am.
The surjectivity of π0 implies that the center of G˜ goes to the center of Am, i.e., π0
kills the center of G˜; in particular π0 kills the subgroup Z˜ of scalar matrices in G˜.
This gives us the surjection G˜/Z˜ ։ Am and the embedding G˜/Z˜ →֒ PGL(d,F). It
follows from Remark 2.4 that d ≥ m− 2, which is not the case and we get a desired
contradiction. 
2.6. Let g ≥ 3 be an integer. Then 2g ≥ 6 and A2g is a simple non-abelian group.
Let B be an 2g-element set. We write Perm(B) for the group of all permutations
of B. The choice of ordering on B establishes an isomorphism between Perm(B)
and the symmetric group S2g. We write Alt(B) for the only subgroup of index 2
in Perm(B). Clearly, every isomorphism Perm(B) ∼= S2g induces an isomorphism
between Alt(B) and the alternating group A2g. Let us consider the 2g-dimensional
F2-vector space F
B
2 of all F2-valued functions on B provided with the natural struc-
ture of faithful Perm(B)-module. Notice that the standard symmetric bilinear form
FB2 × F
B
2 → F2, (φ, ψ) 7→
∑
b∈B
φ(b)ψ(b)
is non-degenerate and Perm(B)-invariant.
Since Alt(B) ⊂ Perm(B), one may view FB2 as a faithful Alt(B)-module.
Lemma 2.7. (i) The centralizer EndAlt(B)(F
B
2 ) has F2-dimension 2.
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(ii) Every proper non-zero Alt(B)-invariant subspace in FB2 has dimension 1
or 2g − 1. In particular, FB2 does not contain a proper non-zero Alt(B)-
invariant even-dimensional subspace.
Proof. Since Alt(B) is doubly transitive, (i) follows from [22, Lemma 7.1].
Notice that the subspace of Alt(B)-invariants
M0 := (F
B
2 )
Alt(B) = F2 · 1B,
where 1B is the constant function 1.
In order to prove (ii), recall that
M0 ⊂M1 ⊂ F
B
2
where M1 is the hyperplane of functions with zero sum of values. It is known [19]
that M1/M0 is a simple Alt(B)-module; clearly, dim(M1/M0) = 2g − 2.
First, notice that there are no Alt(B)-invariant two-dimensional F2-vector sub-
spaces in FB2 . Indeed, let W2 be an Alt(B)-invariant F2-vector subspace in F
B
2 with
dimF2(W2) = 2. Since A2g is simple non-abelian and GL2(F2) is solvable, every
homomorphism
Alt(B)→ AutF2(W2)
∼= GL2(F2)
is trivial and therefore W2 consists of Alt(B)-invariants; however, the subspace of
Alt(B)-invariants in FB2 is just one-dimensional.
Second, if W is a Alt(B)-invariant (2g − 2)-dimensional subspace of FB2 then
its orthogonal complement with respect to the standard form is a two-dimensional
Alt(B)-invariant subspace in FB2 . This implies that there are no Alt(B)-invariant
(2g − 2)-dimensional F2-vector subspaces in F
B
2 .
Let W be a Alt(B)-invariant subspace of FB2 and assume that
2 < dimF2(W ) < 2g − 2.
This implies that the Alt(B)-invariant subspace
W1 :=W
⋂
M1
is not {0}. Since M1 is a hyperplane in F
B
2 , either W = W1 or dimF2(W ) =
dimF2(W1) + 1. If W1 =M0 then
dimF2(W ) ≤ dimF2(M0) + 1 = 2,
which could not be the case. If W1 =M1 then
dimF2(W ) ≥ dimF2(M1) = 2g − 1,
which also could not be the case. This implies that
W1 6=M0, W1 6=M1.
Since M0 is a one-dimensional subspace of M1, either W1 ⊃ M0 or W1
⋂
M0 =
{0}.
In the former case, W1/M0 is an Alt(B)-invariant subspace of M1/M0 and
the simplicity of M1/M0 implies that either W1/M0 = {0}, i.e., W1 = M0 or
W1/M0 = M1/M0, i.e., W1 = M1. Since W1 is neither M0 nor M1, we conclude
that W1
⋂
M0 = {0}. We are going to arrive to a contradiction. The natural
map W1 → M1/M0 is an embedding, whose image is a non-zero Alt(B)-invariant
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subspace of M1/M0; the simplicity of the Alt(B)-module M1/M0 implies that the
image of W1 coincides with the whole M1/M0; in particular,
dimF2(W1) = dimF2(M1/M0) = 2g − 2,
and we get the (2g − 2)-dimensional Alt(B)-invariant subspace, which could not
exist. We get the desired contradiction. 
Theorem 2.8. Let g ≥ 3 be an integer, B a 2g-element set, V a 2g-dimensional
Q2-vector space, T a Z2-lattice in V of rank 2g. Suppose that
G ⊂ AutZ2(T ) ⊂ AutQ2(V )
is a compact (in the 2-adic topology) subgroup. Let
G˜ := red(G) ⊂ AutF2(T/2T )
be the image of G with respect to the reduction map modulo 2
red : AutZ2(T )→ AutF2(T/2T ).
Suppose that there exists a group isomorphism G˜ ∼= Alt(B) such that the Alt(B)-
module T/2T is isomorphic to FB2 .
Then:
(i) Every proper non-zero G-invariant subspace of V has dimension either 1
or 2g − 1.
(ii) Assume that g ≥ 5. Let EndG(V ) be the centralizer of G in EndQ2(V ).
Suppose that D is a semisimple commutative Q2-(sub)algebra of EndG(V )
(with the same identity element) such that the D-module V is free. Then
D = Q2, i.e., D consists of scalars.
Proof. The reduction map modulo 2
red : AutZ2(T )→ AutF2(T/2T ) = AutF2(F
B
2 )
induces a surjective continuous homomorphism
π : G։ G˜ = Alt(B).
In order to prove (i), let us assume that there exists a G-invariant proper non-
zero subspace V1 ⊂ V and put T1 := V1
⋂
T . Clearly, T1 is a G-invariant free
Z2-submodule of T , the quotient T/T1 is a torsion-free Z2-module and the Z2-rank
of T1 coincides with the Q2-dimension of V1. Now, T1/2T1 is G˜ = Alt(B)-invariant
subspace in T/2T = FB2 , whose F2-dimension coincides with the rank of T , i.e., with
the Q2-dimension of V1. It follows from Lemma 2.7(ii) that dimF2(T1/2T1) = 1 or
2g − 1. It follows that dimQ2(V1) = 1 or 2g − 1.
In order to prove (ii), first notice that 2g ≥ 10. Let h be the rank of the free
D-module V and e = dimQ2(D). Clearly,
2g = dimQ2(V ) = eh;
in particular, e | 2g and h | 2g. It is also clear that for each u ∈ D the Q2-dimension
of u(V ) is divisible by h.
Second, we claim that h is greater than 1. Indeed, if h = 1 then G ⊂ EndD(V ) =
D; in particular, G is commutative, which could not be the case since G maps
surjectively onto noncommutative A2g.
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Now, assume that D is a field. If e = 1 then D = Q2 and we are done. So
further we assume that e > 1. Then V carries the natural structure of a D-vector
space and G ⊂ AutD(V ). Clearly,
dimD(V ) =
1
e
dimQ2(V ) =
2g
e
≤
2g
2
= g < 2g − 2.
Corollary 2.5 applied to m = 2g and L = D tells us that it could not be the case.
Now assume that D is not a field, i.e., it splits into a direct sum D = D1⊕D2 of
two non-zero commutative semisimple Q2-algebras. Let ei be the identity element of
Di for i = 1, 2. Clearly, both ei’s viewed as elements of EndQ2(V ) are idempotents;
in addition, e1e2 = e2e1 = 0. Then V = V1 ⊕ V2 where Vi = ei(V ). Clearly, both
Vi’s are G-invariant; in addition dimQ2(Vi) is divisible by h for i = 1, 2. Since h > 1
and
dimQ2(V1) + dimQ2(V2) = dimQ2(V ) = 2g,
we conclude that dimQ2(Vi) 6= 1, 2g − 1. This contradicts to the already proven
assertion (i). 
3. Abelian varieties
Let F be a field, F¯ its algebraic closure and Gal(F ) := Aut(F¯ /F ) the absolute
Galois group of F .
Lemma 3.1. Let F1/F and F2/F be two finite Galois extensions of fields. Suppose
that G1 = Gal(F1/F ) is a solvable group and G2 = Gal(F2/F ) is simple non-
abelian. Then F1 and F2 are linearly disjoint over F . In particular, the composition
Gal(F1F2/F1) ⊂ Gal(F1F2/F )։ Gal(F2/F )
is a group isomorphism Gal(F1F2/F1) ∼= Gal(F2/F ) = G2. Here F1F2 is the
compositum of F1 and F2.
Proof. The groups G1 and G2 have no isomorphic quotient except the trivial one.
It follows from Goursat’s Lemma [43, Definition 4.1 and Remark 4.4(ii)] that every
subgroup G of G1 × G2 that maps surjectively on both factors G1 and G2 must
coincide with G1×G2. In order to finish the proof, one has to apply this observation
to
G = Gal(F2F2/F ) ⊂ Gal(F1/F )×Gal(F2/F ) = G1 ×G2.

If X is an abelian variety of positive dimension over F¯ then we write End(X)
for the ring of all its F¯ -endomorphisms and End0(X) for the corresponding Q-
algebra End(X) ⊗ Q. We write EndF (X) for the ring of all F -endomorphisms of
X and End0F (X) for the corresponding Q-algebra EndF (X) ⊗ Q and C for the
center of End0(X). Both End0(X) and End0F (X) are semisimple finite-dimensional
Q-algebras.
The group Gal(F ) of F acts on End(X) (and therefore on End0(X)) by ring
(resp. algebra) automorphisms and
EndF (X) = End(X)
Gal(F ), End0F (X) = End
0(X)Gal(F ),
since every endomorphism of X is defined over a finite separable extension of F .
If n is a positive integer that is not divisible by char(F ) then we write Xn for
the kernel of multiplication by n in X(F¯ ); the commutative group Xn is a free
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Z/nZ-module of rank 2dim(X) [20, End of Sect. 6, p. 64]. In particular, if n = 2
then X2 is an F2-vector space of dimension 2dim(X).
If X is defined over F then Xn is a Galois submodule in X(F¯ ) and all points of
Xn are defined over a finite separable extension of F . We write ρ¯n,X,F : Gal(F )→
AutZ/nZ(Xn) for the corresponding homomorphism defining the structure of the
Galois module on Xn,
G˜n,X,F ⊂ AutZ/nZ(Xn)
for its image ρ¯n,X,F (Gal(F )) and F (Xn) for the field of definition of all points ofXn.
Clearly, F (Xn) is a finite Galois extension of F with Galois group Gal(F (Xn)/F ) =
G˜n,X,F . If n = 2 then we get a natural faithful linear representation
G˜2,X,F ⊂ AutF2(X2)
of G˜2,X,F in the F2-vector space X2.
If F1/F is a finite algebraic extension then F1(Xn) coincides with the composi-
tum F1F (Xn) of F1 and F (Xn)
Lemma 3.2. Let F1/F be a finite solvable Galois extension of fields. If G˜n,X,F
is a simple nonabelian group then F1 and F (Xn) are linearly disjoint over F and
G˜n,X,F1 = G˜n,X,F .
Proof. The result follows from Lemma 3.1 combined with the equality F1(Xn) =
F1F (Xn). 
Now and until the end of this Section we assume that char(F ) 6= 2. It is known
[26] that all endomorphisms of X are defined over F (X4); this gives rise to the
natural homomorphism
κX,4 : G˜4,X,F → Aut(End
0(X))
and End0F (X) coincides with the subalgebra End
0(X)G˜4,X,F of G˜4,X,F -invariants
[45, Sect. 1].
The field inclusion F (X2) ⊂ F (X4) induces a natural surjection [45, Sect. 1]
τ2,X : G˜4,X,F ։ G˜2,X,F .
Definition 3.3. We say that F is 2-balanced with respect to X if τ2,X is a minimal
cover. (See [8].)
Remark 3.4. Clearly, there always exists a subgroup H ⊂ G˜4,X,F such that the
induced homomorphism H → G˜2,X,F is surjective and a minimal cover. Let us put
L = F (X4)
H . Clearly,
F ⊂ L ⊂ F (X4), L
⋂
F (X2) = F
and L is a maximal overfield of F that enjoys these properties. It is also clear that
H and L can be chosen that
F ⊂ L ⊂ F (X4), L
⋂
F (X2) = F,
F (X2) ⊂ L(X2), L(X4) = F (X4), G˜2,X,L = G˜2,X,F
and L is 2-balanced with respect to X (see [8, Remark 2.3]).
We will need the following three results from previous work.
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Theorem 3.5. Suppose that E := End0F (X) is a field that contains the center C
of End0(X). Let CX,F be the centralizer of End
0
F (X) in End
0(X).
Then:
(i) CX,F is a central simple E-subalgebra in End
0(X). In addition, the cen-
tralizer of CX,F in End
0(X) coincides with E = End0F (X) and
dimE(CX,F ) =
dimC(End
0(X))
[E : C]2
.
(ii) Assume that F is 2-balanced with respect to X and G˜2,X,F is a non-abelian
simple group. If End0(X) 6= E (i.e., not all endomorphisms of X are
defined over F ) then there exist a finite perfect group Π ⊂ C∗X,F and a
surjective homomorphism Π→ G˜2,X,F that is a minimal cover.
Proof. This is Theorem 2.4 of [8]. 
Lemma 3.6. Assume that X2 does not contain proper non-trivial G˜2,X,F -invariant
even-dimensional subspaces and the centralizer EndG˜2,X,F (X2) has F2-dimension 2.
Then X is F -simple and End0F (X) is either Q or a quadratic field.
Proof. This is Lemma 3.4 of [46]. 
Lemma 3.7. Let us assume that g := dim(X) > 0 and the center of End0(X) is a
field, i.e, End0(X) is a simple Q-algebra.
Then:
(i) dimQ(End
0(X)) divides (2g)2.
(ii) If dimQ(End
0(X)) = (2g)2 then char(F ) > 0 and X is a supersingular
abelian variety.
Proof. This is Lemma 3.5 1 of [46]. 
Theorem 3.8. Let g ≥ 4 be an integer and B a 2g-element set. Let X be a g-
dimensional abelian variety over F . Suppose that there exists a group isomorphism
G˜2,X,F ∼= Alt(B) such that the Alt(B)-module X2 is isomorphic to F
B
2 .
Then one of the following two conditions holds:
(i) End0(X) is either Q or a quadratic field. In particular, X is absolutely
simple. In addition, every finite subgroup of Aut(X) is cyclic.
(ii) char(F ) > 0 and X is a supersingular abelian variety.
Proof of Theorem 3.8. By Remark 3.4, we may and will assume that F is 2-balanced
with respect to X , i.e., τ2,X : G˜4,X,F ։ G˜2,X,F = A2g is a minimal cover. In par-
ticular, G˜4,X,F is perfect, since A2g is perfect. Since A2g does not contain a proper
subgroup of index < 2g, it follows from Lemma 2.3(i) that G˜4,X,F does not contain
a proper subgroup of index < 2g. Now Lemmas 3.6 and 2.7 imply that End0F (X)
is either Q or a quadratic field.
Recall that C is the center of End0(X).
Lemma 3.9. Either C = Q ⊂ End0F (X) or C = End
0
F (X) is a quadratic field.
1The Y in [46, Lemma 3.5] should be X and the End0(Y ) should be End0(X).
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Proof of Lemma 3.9. Suppose that C is not a field. Then it is a direct sum
C = ⊕ri=1Ci
of number fields C1, . . . ,Cr with 1 < r ≤ dim(X) = g. Clearly, the center C is a
G˜4,X,F -invariant subalgebra of End
0(X); it is also clear that G˜4,X,F permutes the
summands Ci’s. Since G˜4,X,F does not contain proper subgroups of index ≤ g,
each Ci is G˜4,X,F -invariant. This implies that the r-dimensional Q-subalgebra
⊕ri=1Q ⊂ ⊕
r
i=1Ci
consists of G˜4,X,F -invariants and therefore lies in End
0
F (X). It follows that End
0
F (X)
has zero-divisors, which is not the case. The obtained contradiction proves that C
is a field.
It is known [20, Sect. 21] that C contains a totally real number (sub)field C0 with
[C0 : Q] | dim(X) and such that either C = C0 or C is a purely imaginary quadratic
extension of C0. Since dim(X) = g, the degree [C0 : Q] divides g; in particular,
the order of Aut(C0) does not exceed g. Clearly, C0 is G˜4,X,F -invariant; this gives
us the natural homomorphism G˜4,X,F → Aut(C0), which must be trivial, because
its kernel is a (normal) subgroup of index ≤ g and therefore coincides with the
whole G˜4,X,F . Therefore every element of C0 is G˜4,X,F -invariant. This implies that
G˜4,X,F acts on C through a certain group homomorphism G˜4,X,F → Aut(C/C0)
and this homomorphism is trivial, because the order of Aut(C/C0) is either 1 (if
C = C0) or 2 (if C 6= C0). So, every element of C is G˜4,X,F -invariant, i.e.,
C ⊂ End0(X)G˜4,X,F = End0F (X).
This implies that if C 6= Q then End0F (X) is also not Q and therefore is a quadratic
field containing C, which implies that C = End0F (X) is also a quadratic field. 
It follows that End0(X) is a simple Q-algebra (and a central simple C-algebra).
Let us put E := End0F (X) and denote by CX,F the centralizer of E in End
0(X).
We have
C ⊂ E ⊂ CX,F ⊂ End
0(X).
Combining Lemma 3.9 with Theorem 3.5 and Lemma 3.7, we obtain the following
assertion.
Proposition 3.10. (i) CX,F is a central simple E-subalgebra in End
0(X),
dimE(CX,F ) =
dimC(End
0(X))
[E : C]2
and dimE(CX,F ) divides (2dim(X))
2 = (2g)2.
(ii) If End0(X) 6= E (i.e., not all endomorphisms of X are defined over F ) then
there exist a finite perfect group Π ⊂ C∗X,F and a surjective homomorphism
π : Π→ G˜2,X,F that is a minimal cover.
End of Proof of Theorem 3.8. If End0(X) = E then we are done. If
dimE(CX,F ) = (2g)
2 then
dimQ(End
0(X)) ≥ dimC(End
0(X)) ≥ dimE(CX,F ) = (2g)
2 = (2dim(X))2
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and it follows from Lemma 3.7 that dimQ(End
0(X)) = (2dim(X))2, char(F ) > 0
and X is a supersingular abelian variety. So, further we may and will assume that
End0(X) 6= E, dimE(CX,F ) 6= (2g)
2.
We need to arrive to a contradiction. Let Π ⊂ C∗X,F be as in 3.10(ii). Since Π is
perfect, dimE(CX,F ) > 1. It follows from Proposition 3.10(i) that dimE(CX,F ) = d
2
where d is a positive integer such that
1 < d < 2g, d | 2g.
This implies that
d ≤
2g
2
= g < 2g − 2.
Let us fix an embedding E →֒ C and an isomorphism CX,F ⊗E C ∼= Md(C). This
gives us an embedding Π →֒ GL(d,C). Further we will identify Π with its image in
GL(d,C). Clearly, only central elements of Π are scalars. It follows that there is a
central subgroup Z of Π such that the natural homomorphism Π/Z → PGL(d,C)
is an embedding. The simplicity of G˜2,X,F = A2g implies that Z lies in the kernel
of Π։ G˜2,X,F = A2g and the induced map Π/Z → G˜2,X,F is also a minimal cover.
It follows from Lemma 2.3(ii) applied to G1 = Π/Z that d ≥ 2g − 1. However, we
have seen that d < 2g − 2. This gives us a desired contradiction.
Recall that Aut(X) ⊂ End0(X)∗. Since every finite multiplicative subgroup in
a field is commutative, every finite subgroup of Aut(X) is cyclic if End0(X) is a
field. 
4. Tate modules of abelian varieties
We keep the notation and assumptions of the previous Section. Let ℓ be a prime
different from char(F ). Let us consider the ℓ-adic Tate module Tℓ(X) of X that
is the projective limit of Xℓi (i = 1, 2, ...) where the transition map Xℓi+1 → Xℓi
is multiplication by ℓ [20, Sect. 18]. The Tate module Tℓ(X) carries the natural
structure of a free Zℓ-module of rank 2dim(X). The Galois actions on Xℓi glue
together to the continuous homomorphism
ρℓ,X : Gal(K)→ AutZℓ(Tℓ(X)),
providing Tℓ(X) with the structure of Galois module. The natural surjective map
Tℓ(X)։ Xℓ induces an isomorphism of Galois modules
Tℓ(X)⊗Zℓ Zℓ/ℓZℓ = Tℓ(X)/ℓTℓ(X)
∼= Xℓ.
We also consider the 2dim(X)-dimensional Qℓ-vector space
Vℓ(X) := Tℓ(X)⊗Zℓ Qℓ.
One may view Tℓ(X) as a Zℓ-lattice of rank 2dim(X) in Vℓ(X). Let us put
Gℓ,X = Gℓ,X,F := ρℓ,X(Gal(F )) ⊂ AutZℓ(Tℓ(X)) ⊂ AutQℓ(Vℓ(X));
it is known [30, Sect. 1.2 and Example 1.2.3] that Gℓ,X is a compact ℓ-adic Lie
group, whose Lie algebra gℓ,X is a Qℓ-Lie subalgebra of EndQℓ(Vℓ(X)).
The reduction map modulo ℓ
red : AutZℓ(Tℓ(X))→ AutFℓ(Tℓ(X)/ℓTℓ(X)) = AutFℓ(Xℓ)
induces a continuous surjective homomorphism
πℓ,X : Gℓ,X ։ G˜ℓ,X,F ⊂ AutFℓ(Xℓ).
FAMILIES OF ABSOLUTELY SIMPLE HYPERELLIPTIC JACOBIANS 13
Remark 4.1. Let X and Y be abelian varieties over F and u : X → Y be
an F -isogeny. Then u induces, by functoriality, an isomorphism of Galois modules
Vℓ(X) ∼= Vℓ(Y ). This implies that there is a continuous group isomorphism between
the compact profinite groups Gℓ,X,F and Gℓ,Y,F .
Our next statement deals with the case of ℓ = 2.
Theorem 4.2. Let g ≥ 5 be an integer and B a 2g-element set. Let F be a field
of characteristic zero and X a g-dimensional abelian variety over F . Suppose that
there exists a group isomorphism G˜2,X,F ∼= Alt(B) such that the Alt(B) = G˜2,X,F -
module X2 is isomorphic to F
B
2 .
Then End(X) = Z.
Proof. By Theorem 3.8, we know that End0(X) is either Q or a quadratic field. If
End0(X) = Q then End(X) = Z. So, further we assume that E := End0(X) is a
quadratic field. Clearly, Aut(E) is a cyclic group of order 2. Replacing if necessary,
F by its suitable quadratic extension and using Lemma 3.2, we may and will assume
that Gal(F ) acts trivially on End0(X), i.e., all endomorphisms ofX are defined over
F , i.e., E = End0F (X). Clearly, E2 := E ⊗Q Q2 is a two-dimensional commutative
semisimple Q2-algebra. It is well-known that there is a natural embedding
E2 →֒ EndGal(F )V2(X) ⊂ EndQ2(V2(X)).
This implies that E2 sits in the centralizer of G2,X,F . It is also known that the
E2-module V2(X) is free [24, Theorem 2.1.1]. However, applying Theorem 2.8 to
V = V2(X), T = T2(X), G = G2,X,F and D = E2, we conclude that E2 = Q2,
which could not be the case, since Q2 is the one-dimensional Q2-algebra. 
Theorem 4.3. Suppose that X is as in Theorem 3.8. Suppose that Y is a g-
dimensional abelian variety over F that enjoys one of the following properties:
(i) G˜2,Y,F is solvable;
(ii) The fields F (X2) and F (Y2) are linearly disjoint over F .
If char(F ) = 0 then X and Y are not isogenous over F¯ .
Proof of Theorem 4.3. If G˜2,Y,F is solvable then it follows from Lemma 3.1 that
F (X2) and F (Y2) are linearly disjoint over F , since G˜2,X,F = Alt(B) ∼= A2g is
simple non-abelian. So, F (X2) and F (Y2) are linearly disjoint over F . Since the
compositum of F (X2) and F (Y2) coincides with F (Y2)(X2), we conclude that
G˜2,X,F = G˜2,X,F (Y2).
Replacing the ground field F by F (Y2), we may and will assume that G˜2,Y,F = {1},
i.e., the Galois module Y2 is trivial. It follows that G2,Y,F ⊂ Id + 2EndZ2(T2(Y ));
in particular, G2,Y,F is a pro-2-group. By Theorem 3.8, End
0(X) is either Q or a
quadratic field say, L. In the former case all the endomorphisms of X are defined
over F . In the latter case, all the endomorphisms of X are defined either over F
or over a certain quadratic extension of F , because the automorphism group of
L is the cyclic group of order 2. Replacing if necessary F by the corresponding
quadratic extension, we may and will assume that all the endomorphisms of X are
defined over F . In particular, all the automorphisms of X are defined over F .
There is still a continuous surjective homomorphism
G2,X,F ։ G˜2,X,F = Alt(B) ∼= A2g
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and therefore G2,X,F is not a pro-2-group. This implies that there does not exist
a continuous isomorphism between G2,X,F and G2,Y,F . It follows from Remark 4.1
that X and Y are not isogenous over F .
Let u : X → Y be an F¯ -isogeny of abelian varieties. As we have seen, u could
not be defined over F . However, there exists a finite Galois extension Fu/F such
that u is defined over Fu.
Let us consider the 1-cocycle
c : Gal(Fu/F )→ End
0(X)∗, σ 7→ cσ := u
−1σ(u).
Since the Galois group acts trivially on End0(X), the map c : Gal(Fu/F ) →
End0(X)∗ is a group homomorphism, whose image is a finite subgroup of End0(X)∗
and therefore is cyclic, thanks to Theorem 3.8(i). Therefore there is a finite cyclic
subextension F ′/F such that
cσ = 1 ∀σ ∈ Gal(Fu/F
′) ⊂ Gal(Fu/F ).
It follows that u is defined over F ′ and therefore the Gal(F ′)-modules V2(X) and
V2(Y ) are isomorphic. In particular, there is a continuous group isomorphism
between G2,X,F ′ and G2,Y,F ′ . But G2,X,F ′ ⊂ G2,X,F is still a pro-2-group. On
the other hand, since F ′/F is cyclic and Gal(F (X2)/F ) = G˜2,X,F ∼= A2g is simple
non-abelian, Lemma 3.2 tells us that
G˜2,X,F ′ = G˜2,X,F ∼= A2g
and there is a surjective continuous homomorphism
G2,X,F ′ ։ G˜2,X,F ′ ∼= A2g.
In particular, G2,X,F ′ is not a pro-2-group. there does not exist a continuous group
isomorphism 
5. Points of order 2
5.1. Let K be a field of characteristic different from 2, let f(x) ∈ K[x] be a poly-
nomial of odd degree n ≥ 5 and without multiple roots. Let Cf be the hyperelliptic
curve y2 = f(x) and J(Cf ) the jacobian of Cf . The Galois module J(Cf )2 of points
of order 2 admits the following description.
Let F
Rf
2 be the n-dimensional F2-vector space of functions ϕ : Rf → F2 provided
with the natural structure of Gal(f) ⊂ Perm(Rf )-module. The canonical surjection
Gal(K)։ Gal(K(Rf )/K) = Gal(f)
provides F
Rf
2 with the structure of Gal(K)-module. Let us consider the hyperplane
(F
Rf
2 )
0 := {ϕ : Rf → F2 |
∑
α∈Rf
ϕ(α) = 0} ⊂ F
Rf
2 .
Clearly, (F
Rf
2 )
0 is a Galois submodule in F
Rf
2 .
It is well-known (see, for instance, [41]) that if n is odd then the Galois modules
J(Cf )2 and (F
Rf
2 )
0 are isomorphic. It follows that if X = J(Cf ) then G˜2,X,K =
Gal(f) and K(J(Cf )2) = K(Rf).
Lemma 5.2. Suppose that n = deg(f) is odd and f(x) = (x − t)h(x) with t ∈ K
and h(x) ∈ K[x]. Then G˜2,J(Cf ),K
∼= Gal(h) and the Galois modules J(Cf )2 and
F
Rh
2 are isomorphic.
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Proof. We have
G˜2,X,K = Gal(f) = Gal(h).
In order to prove the second assertion, it suffices to check that the Galois modules
(F
Rf
2 )
0 and FRh2 are isomorphic. Recall that Rf is the disjoint union of Rh and
{t}. Consider the map (F
Rf
2 )
0 → FRh2 that sends the function ϕ : Rf → F2 to its
restriction to Rh. Obviously, this map is an isomorphism of Galois modules. 
Corollary 5.3. Suppose that char(K) = 0, n = deg(f) = 2g+1 is odd and f(x) =
(x−t)h(x) with t ∈ K and h(x) ∈ K[x]. Assume also that Gal(h) = Alt(Rh) ∼= A2g.
(i) If g ≥ 4 then End0(J(Cf )) is either Q or a quadratic field.
(i) If g ≥ 5 then End(J(Cf )) = Z.
Proof of Corollary 5.3. Let us put K = F , X = J(Cf ) and B = Rh. Then asser-
tion (i) is an immediate corollary of Lemma 5.2 and Theorem 3.8. The assertion
(ii) follows from Theorem 4.2.

Proof of Theorem 1.4 and Theorem 1.5. Replacing if necessary, K by its suitable
quadratic extension, we may and will assume that Gal(h) = A2g (recall that n =
2g + 1). Now Theorem 1.4 is an immediate corollary of Corollary 5.3(i). Theorem
1.5 follows from Corollary 5.3(ii). 
Theorem 5.4. Suppose that char(K) = 0, n = deg(f) ≥ 9 is odd and f(x) =
(x− t)h(x) with t ∈ K and h(x) ∈ K[x]. Assume also that Gal(h) is either Sn−1 or
An−1. Suppose that f1(x) ∈ K[x] is a degree n polynomial without multiple roots
that enjoys one of the following properties:
(i) f1(x) splits into a product of linear factors over K.
(ii) f1(x) = (x − t1)h1(x) with t1 ∈ K and h1(x) ∈ K[x]. In addition, the
splitting fields of h(x) and h1(x) are linearly disjoint over K.
(iii) The splitting fields of h(x) and f1(x) are linearly disjoint over K.
Then the jacobians J(Cf ) and J(Cf1 ) are not isogenous over K¯.
Proof. It suffices to do the case when the splitting fields of f(x) and f1(x) are
linearly disjoint over K. (This condition is obviously fulfilled in the cases (i) and
(ii).) Let us put X = J(Cf ), Y = J(Cf1). According to Sect. 5.1,
K(J(Cf )2) = K(Rf ), K(J(Cf1)2) = K(Rf1).
Now the result follows from Theorem 4.3 combined with Lemma 5.2. 
Theorem 5.5. Suppose that char(K) = 0, n = 2g + 2 = deg(f) ≥ 10 is even and
f(x) = (x− t1)(x − t2)u(x) with
t1, t2 ∈ K, t1 6= t2, u(x) ∈ K[x], deg(u) = n− 2.
If Gal(u) = Sn−2 or An−2 then End
0(J(Cf )) is either Q or a quadratic field; in
particular, J(Cf ) is an absolutely simple abelian variety. In addition, if n ≥ 12
then End(J(Cf )) = Z.
Proof. Let us put h(x) = (x − t2)u(x). We have f(x) = (x − t1)h(x). As in the
proof of Theorem 1.3, let us consider the degree (n− 1) polynomials
h1(x) = h(x+ t1) = (x + t1 − t2)u(x+ t1), h2(x) = x
n−1h1(1/x) ∈ K[x].
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We have
Rh1 = {α− t1 | α ∈ Rh} = {α− t1 + t2 | α ∈ Ru}
⋃
{t2 − t1} ,
Rh2 =
{
1
α− t1
| α ∈ Ru
}⋃{ 1
t2 − t1
}
.
This implies that
K(Rh2) = K(Rh1) = K(Ru)
and
h2(x) =
(
x−
1
t2 − t1
)
v(x)
where v(x) ∈ K[x] is a degree (n− 2) polynomial with K(Rv) = K(Ru); in partic-
ular, Gal(v) = Gal(u) = Sn−2 or An−2. Again, the standard substitution
x1 = 1/(x− t1), y1 = y/(x− t1)
g+1
establishes a birational K-isomorphism between Cf and a hyperelliptic curve
Ch2 : y
2
1 = h2(x1).
Now the result follows from Theorems 1.4 and 1.5 applied to h2(x1). 
6. Families of hyperelliptic curves
Throughout this Section, K is a field of characteristic different from 2, K¯ its
algebraic closure and Gal(K) = Aut(K¯/K) its absolute Galois group. Let n ≥ 5
be an integer, f(x) ∈ K[x] a degree n polynomial without multiple roots, Rf ⊂ K¯
the n-element set of its roots, K(Rf ) ⊂ K¯ the splitting field of f(x) and Gal(f) =
Gal(K(Rf )/K) the Galois group of f(x) overK. One may view Gal(f) as a certain
group of permutations of Rf . Let Cf : y
2 = f(x) the corresponding hyperelliptic
curve of genus ⌊(n− 1)/2⌋.
Theorem 6.1. Let n ≥ 7 be an integer, h(x) ∈ K[x] an irreducible polynomial
of degree n − 1, whose Galois group is either Sn−1 or An−1. For every t ∈ K let
ft(x) = (x − t)h(x) and D(t) = Cft . Then there exists a finite set B = B(h) that
enjoys the following properties.
If t1 and t2 are distinct elements of K such that the hyperelliptic curves D(t1)
and D(t2) are isomorphic over K¯ then both t1 and t2 belong to B.
Remark 6.2. It is well known ([12, Ch. 2, Sect. 3, pp. 253–255], [6, Ch. VIII,
Sect. 3]) that the hyperelliptic curves D(t1) and D(t2) are isomorphic over K¯ if and
only if there exists a fractional linear transformation T ∈ PGL2(K¯) = Aut(P
1) that
sends the branch points of the canonical double cover D(t1) → P
1 to the branch
points of the canonical double cover D(t2)→ P
1.
Proof of Theorem 6.1. Let Rh ⊂ K¯ be the (n−1)-element set of roots of h(x). Let
us consider two distinct ordered triples
{α1, α2, α3}, {β1, β2, β3} ⊂ Rh ⊂ K¯ ⊂ P
1(K¯)
of roots of h(x). There exists exactly one fractional-linear transformation
T = T (α1, α2, α3;β1, β2, β3) ∈ PGL2(K¯)
such that
T (α1) = β1, T (α2) = β2, T (α3) = β3.
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We write J1 = J1(h) for the set of all those T ’s (for all choices of α’s and β’s).
Clearly, J1 is a finite subset in PGL2(K¯), whose cardinality bounded by a constant
depending only on n. It is also clear that J1 does not contain the identity element
and
J1 = {T
−1 | T ∈ J1}.
In addition, J1 is Gal(K)-stable.
Lemma 6.3. Suppose that Gal(h) is either Sn−1 orAn−1. Then the only fractional-
linear transformation U ∈ PGL2(K¯) that sends Rh into itself is the identity map.
Proof of Lemma 6.3. Replacing if necessary K by its suitable quadratic extension,
we may and will assume that Gal(h) = An−1. Let us consider the subgroup
G = {U ∈ PGL2(K¯) | U(Rh) = Rh} ⊂ PGL2(K¯).
Since #(Rh) = n− 1 ≥ 6 > 3, G is a finite group and the natural homomorphism
G→ Perm(Rh) = Sn−1 is injective; we write
G0 ⊂ Perm(Rh) = Sn−1
for its image. Clearly, G0 ∼= G. Since Rh is Galois-invariant, G0 is stable with
respect to the conjugation by elements of Gal(K). Since the image of Gal(K) in
Perm(Rh) is An−1, the subgroup G0 ⊂ Sn−1 is stable with respect to conjugation
by elements of An−1. Since n − 1 > 5, it follows that G0 is either trivial or Sn−1
or An−1. Therefore G is either trivial or isomorphic to Sn−1 or An−1. Now the
classifications of finite subgroups of PSL2(K¯) = PGL2(K¯) tells us that G is trivial
and we are done. 
Proposition 6.4. Suppose that Gal(h) is either Sn−1 or An−1. If T ∈ J1 then
there exists σ ∈ Gal(K) such that σ(T ) 6= T .
Proof of Proposition 6.4. Assume that σ(T ) = T for all σ ∈ Gal(K). Since T ∈ J1,
there exists α ∈ Rh such that T (α) ∈ Rh. Since Rh coincides with the Galois orbit
of α, we have T (Rh) = Rh. By Lemma 6.3, T is the identity map. But J1 does
not contain the identity element. The obtained contradiction proves the desired
result. 
Continuing the proof of Theorem 6.1.
Let B1 be the set of all t ∈ K such that there exist α ∈ Rh and T ∈ J1 such
that t = T (α). Let B2 be the set of all t ∈ K such that there exist σ ∈ Gal(K) and
T ∈ J1 such that σ(T ) 6= T and t is a fixed point of σ(T )T
−1. Let B3 be the set of
all t ∈ K such that there exists T ∈ J1 such that t = T (∞).
Clearly, B1, B2 and B3 are finite sets, whose cardinalities are bounded by a
constant depending only on n. Let us put
B = B(h) = B1 ∪B2 ∪B3.
End of the proof of Theorem 6.1. First assume that n is even. Then the
set of the ramification points of the double cover
D(t)→ P1, (x, y) 7→ x
coincides with Rft = {t} ∪Rh. So, if t1 6= t2 and D(t1) and D(t2) are isomorphic
over K¯ then there exists T ∈ PGL2(K¯) such that
T ({t1} ∪Rh) = {t2} ∪Rh.
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By Lemma 6.3, T (Rh) 6= Rh. This implies that there is β ∈ Rh with T (β) = t2. It
follows that T (Rh \ {β}) ⊂ Rh. Since #(Rh \ {β}) = n− 2 > 3, the transformation
T lies in J1 and therefore t2 ∈ B1. By symmetry, t1 also lies in B1.
Now assume that n is odd. Then the set of the ramification points of the double
cover
D(t)→ P1, (x, y) 7→ x
coincides with {∞} ∪ Rft = {∞} ∪ {t} ∪ Rh. So, if t1 6= t2 and D(t1) and D(t2)
are isomorphic over K¯ then there exists T ∈ PGL2(K¯) such that
T ({∞} ∪ {t1} ∪Rh) = {∞} ∪ {t2} ∪Rh.
By Lemma 6.3, T (Rh) 6= Rh. So, either there is β ∈ Rh such that T (β) = t2 or
T (Rh) does not contain t2 but contains∞. In the former case, arguments as above
prove that t2 ∈ B1. In the latter case, either T (t1) = t2 or T (∞) = t2. In the
former case, σ(T )(t1) = t2 for all σ ∈ Gal(K) and therefore t2 is a fixed point of
σ(T )T−1, which implies that t2 ∈ B2. In the latter case, T (∞) = t2 and therefore
t2 ∈ B3. However, we always have
t2 ∈ B1 ∪B2 ∪B3 = B.
By symmetry, t1 ∈ B.

Theorem 6.5. Suppose that n ≥ 8 is an integer that does not equal 9. Let K be
a field of characteristic zero and h(x) ∈ K[x] an irreducible polynomial of degree
n− 1. Assume also that Gal(h) is either Sn−1 or An−1. Then there exists a finite
set B = B(h) ⊂ K that enjoys the following properties.
Let t1 and t2 be distinct elements of K and let f1(x) = (x − t1)h(x), f2(x) =
(x − t2)h(x). If the abelian varieties J(Cf1 ) and J(Cf2 ) are isomorphic over K¯
then both t1 and t2 belong to B.
Proof. Let B(h) be as in Theorem 6.1. By Theorems 1.3 and 1.5, End(J(Cf1 )) =
Z and End(J(Cf2 ))) = Z. This implies that both jacobians J(Cf1 ) and J(Cf2)
have exactly one principal polarization and therefore a K¯-isomorphism of abelian
varieties J(Cf1)
∼= J(Cf2 ) respects the principal polarizations. Now the Torelli
theorem implies that the hyperelliptic curves Cf1 and Cf2 are isomorphic over K¯.
It follows from Theorem 6.1 that both t1 and t2 belong to B(h).

7. Compact groups and simple Lie algebras
Lemma 7.1. Let G be a compact group, g ≥ 3 an integer and π : G ։ A2g a
continuous surjective group homomorphism. Let M be a finite group and π′ : G→
M be a continuous group homomorphism. Let us put H := ker(π′). Suppose that
one of the following conditions holds:
(i) M is solvable.
(ii) The order of M is strictly less than the order of A2g.
(iii) The homomorphism π′ is surjective and there does not exist a surjective
group homomorphism M ։ A2g.
Then H is a normal open compact subgroup of finite index in G and π(H) = A2g,
i.e., π : H → A2g is a surjective continuous homomorphism.
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Proof. The first assertion about H is obvious. Replacing M by its subgroup π′(G)
we may and will assume that π′ is surjective, i.e., M = π′(G). In particular,
G/H ∼=M .
In order to prove the existence of the homomorphism, it suffices to do the case
(iii), because in both cases (i) and (ii) a surjection M ։ A2g does not exist, since
A2g is simple non-abelian. So, let us assume that there are no surjective group
homomorphisms from G to M . The normality of H and surjectiveness of π imply
that π(H) is normal in A2g, i.e., either π(H) = A2g or π(H) = {1}. If π(H) = A2g
then we are done. If π(H) = {1} then π factors through G/H = M and we get a
surjective homomorphism M ։ A2g. 
7.2. Let V be a non-zero even-dimensional Qℓ-vector space,
e : V × V → Qℓ
an alternating nondegenerate Qℓ-bilinear form,
Sp(V, e) = Aut(V, e) = {s ∈ AutQℓ(V ) | e(sx, sy) = e(x, y) ∀x, y ∈ V } ⊂ AutQℓ(V )
the corresponding symplectic group, viewed as a closed ℓ-adic Lie subgroup in
AutQℓ(V ) and
sp(V, e) := Lie(Sp(V, e)) =
{u ∈ EndQℓ(V ) | e(ux, y) + e(x, uy) = 0 ∀x, y ∈ V } ⊂ EndQℓ(V )
its Lie algebra, viewed as a Qℓ-Lie subalgebra in EndQℓ(V ). It is well-known that
Sp(V, e) ⊂ SL(V ), sp(V, e) ⊂ Lie(SL(V )) = sl(V ) := {u ∈ EndQℓ(V ) | trV (u) = 0}
where trV : EndQℓ(V ) → Qℓ is the trace map. Let us consider the group of
symplectic similitudes
Gp(V, e) = {s ∈ AutQℓ(V ) | ∃c ∈ Q
∗
ℓ such that e(sx, sy) = c · e(x, y)
∀x, y ∈ V } ⊂ AutQℓ(V );
it is also an ℓ-adic Lie (sub)group, whose Lie algebra coincides with QℓId⊕ sp(V, e)
where Id : V → V is the identity map. The map s 7→ c defines the ℓ-adic Lie group
homomorphism
χe : Gp(V, e)→ Q
∗
ℓ ,
whose kernel coincides with Sp(V, e).
Let G be a compact subgroup in AutQℓ(V ). The compactness implies that G
is closed. By the ℓ-adic version of Cartan’s theorem [31, Part II, Ch. V, Sect. 9,
p. 155], G is an ℓ-adic Lie (sub)group. We write Lie(G) for the Lie algebra of G.
Then Lie(G) is a Qℓ-Lie subalgebra of EndQℓ(V ). If G ⊂ Sp(V, e) or G ⊂ Gp(V, e)
then Lie(G) ⊂ sp(V, e) or Lie(G) ⊂ QℓId⊕ sp(V, e) respectively.
Lemma 7.3. Let G be a compact subgroup in AutQℓ(V ). Suppose that for every
open subgroup G′ ⊂ G of finite index the G′-module V is absolutely simple. Then
there exists a semisimple Qℓ-Lie algebra g
ss ⊂ EndQℓ(V ) that enjoys the following
properties:
(i) Lie(G) = gss or QℓId⊕ g
ss.
(ii) The gss-module V is absolutely simple.
(iii) If G ⊂ Gp(V, e) then
gss = Lie(G)
⋂
sp(V, e) ⊂ sp(V, e).
In addition, if G0 = ker(χe : G→ Q
∗
ℓ ) then Lie(G
0) = gss.
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Proof. Clearly, Lie(G) = Lie(G′) for all G′. Since the G-module V is (semi)simple,
it follows from [27, Proposition 1] that Lie(G) is reductive, i.e., Lie(G) = gss ⊕ c
where c is the center of Lie(G) and gss is a semisimple Qℓ-Lie algebra. I claim
that EndLie(G)(V ) = QℓId. Indeed, let G
′ be an open subgroup of finite index
that is sufficiently small in order to lie in the image of the exponential map. Then
EndG′(V ) = EndLie(G)(V ). In light of the absolute simplicity of the G
′-module V ,
we have EndG′(V ) = QℓId and therefore
EndLie(G)(V ) = EndG′(V ) = QℓId.
Since the center c lies in EndLie(G)(V ), either c = {0} and Lie(G) = g
ss or c = QℓId
and Lie(G) = QℓId⊕ g
ss. In both cases
QℓId = EndLie(G)(V ) = Endgss(V ).
Since gss is semisimple, the gss-module V is absolutely simple. This proves (i)
and (ii). In order to prove (iii), notice that in both cases the semisimple gss =
[Lie(G),Lie(G)]. Clearly, Lie(G) ⊂ QℓId ⊕ sp(V, e). Taking into account that
sp(V, e) is a simple Lie algebra, we have
gss = [Lie(G),Lie(G)] ⊂ [QℓId⊕ sp(V, e),QℓId⊕ sp(V, e)] = sp(V, e).
It follows easily that
gss = Lie(G)
⋂
sp(V, e).
In order to compute Lie(G0), notice that according to [31, Part II, Ch. V, Sect. 2, p.
131], the Lie algebra of the kernel of χe coincides with the kernel of the correspond-
ing tangent map Lie(G) → Lie(Q∗ℓ ) = Qℓ. It follows that either Lie(G
0) = Lie(G)
or Lie(G0) is a Lie subalgebra of codimension 1 in Lie(G). On the other hand, since
G0 = Sp(V, e)
⋂
G, we have
Lie(G0) ⊂ Lie(G)
⋂
sp(V, e) = gss.
So, if Lie(G) = QℓId⊕g
ss then the (co)dimension arguments imply that Lie(G0) =
gss. If Lie(G) = gss then the tangent map is the zero map, because Lie(G) is
semisimple and Qℓ is commutative. This implies that the kernel of the tangent
map coincides with the whole Lie(G), i.e.,
Lie(G0) = Lie(G) = gss.

Theorem 7.4. Let g ≥ 5 be an integer, V a 2g-dimensional vector space over Q2.
Let G ⊂ SL(V ) ⊂ AutQ2(V ) be a compact 2-adic Lie group that enjoys the following
properties:
(i) There exists a continuous surjective homomorphism π : G։ A2g;
(ii) Let g ⊂ EndQ2(V ) be the Q2-Lie algebra of G. Then the g-module V is
absolutely simple, i.e., the natural representation of g in V is irreducible
and Endg(V ) = Q2.
Then:
(i) The Q2-Lie algebra g is absolutely simple.
(ii) Let L/Q2 be a finite Galois field extension such that the L-Lie algebra gL :=
g⊗Q2L is split. (Such L always exists.) If W is a faithful simple gL-module
of finite L-dimension then dimL(W ) ≥ 2g − 2.
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Proof. Our plan is to apply Corollary 2.5 to a certain compact 2-adic Lie group
that will be obtained from G in several steps. At every step we replace the group
either by the kernel of a homomorphism to a “small” finite group or by the image
of a homomorphism, whose kernel is a pro-2-group.
Since G ⊂ SL(V ), we have g ⊂ sl(V ). Clearly, g is reductive, its center is
either {0} or the scalars. Since g ⊂ sl(V ), the center of g is {0}. This implies
that g is semisimple. Let G ⊂ GL(V ) be the connected semisimple linear algebraic
(sub)group over Q2, whose Lie algebra coincides with g.
Let us prove that the semisimple Q2-Lie algebra g is, in fact, absolutely simple.
Indeed, there exists a finite Galois field extension L/Q2 such that the semisimple
L-Lie algebra gL = g⊗Q2 L is split; in particular, gL splits into a (finite) direct sum
gL = ⊕i∈I gi
of absolutely simple split L-Lie algebras gi. Here I is the set of minimal ideals gi
in g. It is well-known that the L-vector space
VL = V ⊗Q2 L
becomes an absolutely simple faithful gL-module and splits into a tensor product
VL = ⊗i∈I Wi
of absolutely simple faithful gi-modules Wi. Since each gi is simple and Wi is
faithful,
dimL(Wi) ≥ 2 ∀i ∈ I
and therefore
n := #(I) ≤ log2(dimL(VL)) = log2(dimQ2(V )) = log2(2g) < g.
Let us consider the adjoint representation
Ad : G→ Aut(g) ⊂ Aut(gL).
Since the g-module V is absolutely simple, ker(Ad) consists of scalars. Since G ⊂
SL(V ), the group ker(Ad) is finite commutative. Clearly, G permutes elements of
I and therefore gives rise to the continuous homomorphism (composition)
π1 : G
Ad
→ Aut(g) ⊂ Aut(gL)→ Perm(I) ∼= Sn.
Let G1 be the kernel of π1: it is an open normal subgroup of finite index in G and
therefore the Lie algebra of G1 coincides with g. Since n < g,
#(Sn) = n! <
1
2
(2g)! = #(A2g).
It follows from Lemma 7.1 applied to π′ = π1 and M = Sn, that π(G1) = A2g.
So, we may replace G by G1 and assume that G leaves stable every gi. This means
that the image of
G
Ad
→ Aut(gL) = Aut(⊕i∈Igi)
lies in
∏
i∈I Aut(gi).
We write GL ⊂ GL(VL) for the connected semisimple linear algebraic (sub)group
over L obtained from G by extension of scalars. Clearly, the L-Lie algebra of GL
coincides with gL. We write Gi for the simply-connected absolutely simple split L-
algebraic group, whose Lie algebra coincides with gi [34]. We write G
Ad ⊂ GL(gL)
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for the adjoint group of G and AdG for the corresponding central isogeny G→ G
Ad.
If GAdi ⊂ GL(gi) is the adjoint group of Gi then
GAd =
∏
i∈I
GAdi .
Since gi is simple split, the group G
Ad
i (L) is a closed (in the 2-adic topology) normal
subgroup in Aut(gi) of index 1, 2 or 6 [15, Ch. 9, Sect. 4, Th. 4 and Remark on p.
281]. Let us consider the composition
G
Ad
→
∏
i∈I
Aut(gi)։
∏
i∈I
Aut(gi)/G
Ad
i (L).
Its image is a finite solvable group. Let G2 be its kernel: it is an open normal
subgroup of finite index in G and the Lie algebra of G1 coincides with g. It follows
from Lemma 7.1 applied to π′ = π2 that π(G2) = A2g. So, we may replace G by
G2 and assume that the image of G
Ad
→
∏
i∈I Aut(gi) lies in
∏
i∈I G
Ad
i (L). So, we
get the continuous group homomorphism
γ : G
Ad
։
∏
i∈I
GAdi (L) = G
Ad(L).
Recall that ker(Ad) is finite commutative. This implies that ker(γ) is a finite
commutative group. On the other hand, let us consider the canonical central isogeny
of semisimple L-algebraic groups
α := AdG : G =
∏
i∈I
Gi →
∏
i∈I
GAdi = G
Ad.
Applying [42, Corollary 3.4(2) on p. 409], we conclude that there exists a compact
subgroup G3 ⊂ G(L) =
∏
i∈I Gi(L) and a surjective continuous homomorphism
π3 : G3 ։ A2g, whose kernel H is an open normal subgroup of finite index in G3.
Applying [42, Prop. 3.3 on pp. 408–409]2 to ℓ = 2, F = L,G = G3, Si = Gi(L), we
conclude that there exist j ∈ I and a compact subgroup G4 ⊂ Gi(L) provided with
surjective continuous homomorphism G4 ։ A2g.
Let W be a finite-dimensional L-vector space that carries the structure of abso-
lutely simple faithful g-module. I claim that
dimL(W ) ≥ 2g − 2.
Indeed, there exists a L-rational representation
ρW : Gi → GL(W ),
whose kernel is a finite central subgroup. The composition
π4 : G4 ⊂ Gi(L)
ρW
→ AutL(W )
is a continuous group homomorphism, whose kernel is a finite central subgroup of
G4. Clearly, the central subgroup ker(π4) is killed by the surjective homomorphism
G4 ։ A2g. So, if we put G5 = π4(G4) ⊂ AutL(W ) then G5 is a compact subgroup
that admits a surjective continuous homomorphism G5 ։ A2g. It follows from
Corollary 2.5 that
dimL(W ) ≥ 2g − 2.
2The Rj in [42, p. 409, line 3] should be Sj .
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In particular, dimL(Vj) ≥ 2g − 2. On the other hand,
2g = dimQ2(V ) = dimL(VL) =
∏
i∈I
dimL(Vi) =
dimL(Vj)
∏
i∈I,i6=j
dimL(Vi) ≥ (2g − 2)2
#(I)−1.
It follows that #(I) = 1, i.e., I = {j} and gL = gj . This means that gL is
an absolutely simple L-Lie algebra and therefore g is an absolutely simple Q2-Lie
algebra. 
Corollary 7.5. Let g ≥ 5 be an integer, V a 2g-dimensional vector space over Q2
and
e : V × V → Q2
an alternating nondegenerate Q2-bilinear form. Let G ⊂ Gp(V, e) ⊂ AutQ2(V ) be
a compact 2-adic Lie group that enjoys the following properties:
(i) For every open subgroup G′ ⊂ G of finite index the G′-module V is abso-
lutely simple.
(ii) There exists a continuous surjective homomorphism π : G։ A2g.
Let G0 be the kernel of χe : G→ Q
∗
ℓ and
g := Lie(G0) ⊂ EndQ2(V ).
Then:
(i) There exists a continuous surjective homomorphism π : G0 ։ A2g.
(ii) The Q2-Lie algebra g := Lie(G
0) is absolutely simple and the g-module V
is absolutely simple. In addition, g = Lie(G)
⋂
sp(V, e) and the g-module
V is symplectic.
(iii) Either Lie(G) = g or Lie(G) = Q2Id⊕ g.
(iv) Let L/Q2 be a finite Galois field extension such that the simple L-Lie algebra
gL = g ⊗Q2 L is split. If W is a faithful simple gL-module of finite L-
dimension then dimL(W ) ≥ 2g − 2.
Proof. In order to prove (i), notice that π(G0) is a normal subgroup in A2g, i.e.,
π(G0) is either A2g or {1}. In the former case we are done, so let us assume
that π(G0) = {1}. This means that π kills G0 and therefore induces a surjective
homomorphism G/G0 ։ A2g. On the other hand, G/G0 is isomorphic to the
subgroup χe(G) of Q
∗
ℓ and therefore is commutative. It follows that A2g is also
commutative, which is not the case. This contradiction proves (i).
Lemma 7.3 implies all the assertions in (ii) and (iii) except the absolute simplicity
of gss = g; however, it implies that g is semisimple and that the g-module V is
absolutely simple. Now the the absolute simplicity of g follows from Theorem 7.4
applied to G0. The assertion (iv) also follows from Theorem 7.4 applied to G0. 
We refer to [3, Ch. VIII, Sect. 7.3] for the notion and basic properties of
minuscule weights. (See also [28] and [37].)
Corollary 7.6. We keep all notation and assumption of Corollary 7.5. Let L/Q2
be a finite Galois field extension such that gL is split. Assume also that gL is a
classical simple Lie algebra, the gL-module VL = V ⊗Q2 L is fundamental and its
highest weight is a minuscule weight.
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Then g = sp(V, e). In particular, g is an absolutely simple Q2-Lie algebra of of
type Cg.
Proof. In the course of the proof we will freely use Tables from [3]. It follows from
Corollary 7.5 and Theorem 7.4 that if W is a faithful simple gL-module of finite
L-dimension then dimL(W ) ≥ 2g − 2.
Extending the form e by L-linearity to VL, we obtain the alternating nondegen-
erate L-bilinear form
eL : VL × VL → L.
Clearly,
gL ⊂ sp(VL, eL);
in particular, VL is the symplectic gL-module.
Let r be the rank of the absolutely simple classical L-Lie algebra gL.
If gL is of type Ar then there exists a (r+1)-dimensional L-vector spaceW such
that gL ∼= sl(W ) and the fundamental gL-module VL is isomorphic to ∧
i
L(W ) for
suitable i with 1 ≤ i ≤ r. However,
r + 1 = dimL(W ) ≥ 2g − 2 ≥ 8;
in particular, r ≥ 8. Since VL is symplectic,
2 ≤ i ≤ r − 1.
We have
2g = dimQ2(V ) = dimL(VL)) = dimL(∧
i
L(W )) ≥ dimL(∧
2
L(W ) =
(r + 1)r
2
≥
4(r + 1) > (r + 1) + 4 > (2g − 2) + 3 > 2g.
The obtained contradiction proves that g is not of type Ar.
If gL is of type Br then there exists a (2r+1)-dimensional L-vector spaceW such
thatW is an (orthogonal) absolutely simple faithful gL-module and every absolutely
simple gL-module with minuscule highest weight has dimension 2
r. Hence
dimL(VL) = 2
r.
We have
2g = dimL(VL) = 2
r, 2r + 1 = dimL(W ) ≥ 2g − 2.
This implies that g = 2r−1 and therefore r > 3, since g ≥ 5. We also have
2r+1 = dimL(W ) ≥ 2g− 2 = 2
r− 2, which implies that 2r+1 ≥ 2r− 2. It follows
that r ≤ 3 and therefore g = 2r−1 ≤ 4, which could not be the case. The obtained
contradiction proves that g is not of type Br.
If gL is of type Cr then the only absolutely simple (symplectic) gL-module, with
minuscule highest weight has dimension 2r. This implies that dimL(VL) = 2r and
therefore dimL(gL) = dimL(sp(VL, eL)). Since gL ⊂ sp(VL, eL), we conclude that
gL = sp(VL, eL) ⊂ EndL(VL).
Now the dimension arguments imply that g = sp(V, e).
If gL is of type Dr (with r ≥ 3) then there exists a 2r-dimensional L-vector
space W such that W is an (orthogonal) absolutely simple faithful gL-module;
on the other hand, every absolutely simple symplectic gL-module, with minuscule
highest weight must have dimension 2r−1. This implies that
dimL(VL) = 2
r−1.
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We have 2g = dimL(VL) = 2
r−1 and therefore g = 2r−2. Since g ≥ 5 we have r ≥ 5.
We have
2r = dimL(W ) ≥ 2g − 2 = 2
r−1 − 2
and therefore 2r ≥ 2r−1−2, which could not be the case, since r ≥ 5. The obtained
contradiction proves that g is not of type Dr . 
8. Abelian varieties without nontrivial endomorphisms
We use the notation of Sections 3 and 4. Let F be a field and ℓ a prime differ-
ent from char(F ). As usual, we write Zℓ(1) for the projective limit of the cyclic
multiplicative groups
µℓi := {z ∈ F¯
∗ | zℓ
i
= 1}.
The group Zℓ(1) carries the natural structure of free Zℓ-module of rank 1. It also
carries the natural structure of the Galois module provided by the ℓ-adic cyclotomic
character
χℓ : Gal(K)→ Z
∗
ℓ = AutZℓ(Zℓ(1)).
Let us fix a (non-canonical) isomorphism of Zℓ-modules
Zℓ(1) ∼= Zℓ.
Let X be an abelian variety of positive dimension over F and let λ be a polar-
ization on X that is defined over F . Then λ gives rise to a Riemann form [20, Sect.
20]
eλ : Tℓ(X)× Tℓ(X)→ Zℓ(1) ∼= Zℓ;
eλ is a nondegenerate Gal(K)-equivariant alternating Zℓ-bilinear form. Here the
equivariance means that
eλ(σ(x), σ(y)) = χℓ(σ) · eλ(x, y) ∀σ ∈ Gal(K).
Extending eλ by Qℓ-linearity, we obtain a nondegenerate Gal(K)-equivariant alter-
nating Qℓ-bilinear form
eλ : Vℓ(X)× Vℓ(X)→ Qℓ
such that
eλ(σ(x), σ(y)) = χℓ(σ) · eλ(x, y) ∀x, y ∈ Vℓ(X), σ ∈ Gal(K).
This implies that
Gℓ,X = Gℓ,X,F = ρℓ,X(Gal(K)) ⊂ Gp(Vℓ(X), eλ).
We write gℓ,X ⊂ EndQℓ(Vℓ(X)) for the Qℓ-Lie algebra of the compact ℓ-adic Lie
group Gℓ,X,F . Clearly,
gℓ,X ⊂ Lie(Gp(Vℓ(X), eλ)) = QℓId⊕ sp(Vℓ(X), eλ).
Remark 8.1. Let m be a positive integer and Xm is the mth power (self-product)
of X . Then
Vℓ(X
m) =
m⊕
j=1
Vℓ(X) =: Vℓ(X)
m
(the equality of Galois modules) and
gℓ,Xm = gℓ,X ⊂ EndQℓ(Vℓ(X)) ⊂Mm(EndQℓ(Vℓ(X))) = EndQℓ(Vℓ(X)
m)
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(the last embedding is the diagonal one). The polarization λ gives rise to the
polarization λm on Xm [47, Sect. 1.12, pp. 320–321] such that the corresponding
Riemann form
eλm : Vℓ(X)
m × Vℓ(X)
m → Qℓ
is the direct orthogonal sum of m copies of eλ. Clearly, eλm is sp(Vℓ(X), eλ)-
invariant, i.e.,
eλm(ux, y) + eλm(x, uy) = 0 ∀u ∈ sp(Vℓ(X), eλ); x, y ∈ Vℓ(X)
m.
It is also clear that every alternating sp(Vℓ(X), eλ)-invariant bilinear form on Vℓ(X)
m
is of the form eλm(Bx, y) where
B ∈Mm(Qℓ) ⊂Mm(EndQℓ(Vℓ(X))) = EndQℓ(Vℓ(X)
m)
is a symmetric square matrix of size m with entries from Qℓ.
Theorem 8.2. Suppose that F is a field that is finitely generated over Q. Suppose
that X is an abelian variety of positive dimension g over F . Assume additionally
that X enjoys the following properties:
• End(X) = Z.
• G˜2,X,F is isomorphic either to S2g or to A2g.
• g ≥ 5.
Then gℓ,X = QℓId ⊕ sp(Vℓ(X), eλ) for all ℓ. In particular, Gℓ,X,F is an open
subgroup in Gp(Vℓ(X), eλ).
Proof. The openness property follows from the coincidence of the corresponding
Qℓ-Lie algebras. So, it is suffices to check that gℓ,X = QℓId⊕ sp(Vℓ(X), eλ).
Replacing if necessary, F by its suitable quadratic extension, we may and will
assume that G˜2,X,F = A2g.
By a theorem of Bogomolov [1, 2],
gℓ,X ⊃ QℓId.
By a theorem of Faltings [9, 10] for every finite algebraic extension F1 of F the
Gal(F1)-module Vℓ is semisimple and
EndGal(F1)(Vℓ(X)) = EndF1(X)⊗Qℓ = Z⊗Qℓ = Qℓ.
In other words, the Gal(F1)-module Vℓ is absolutely simple. Notice that ρℓ,X(Gal(F1))
is an open subgroup of finite index in Gℓ,X,F . Conversely, every open subgroup of fi-
nite index in Gℓ,X,F coincides with ρℓ,X(Gal(F1)) for some finite algebraic extension
F1 of F . It follows that the Qℓ-Lie algebra gℓ,X is reductive and the gℓ,X -module
Vℓ(X) is absolutely simple, i.e.,
Endgℓ,X (Vℓ(X)) = Qℓ.
It follows from Lemma 7.3 that gℓ,X = QℓId⊕ g
ss
ℓ where g
ss
ℓ is a semisimple Qℓ-Lie
algebra such that
gssℓ ⊂ sp(Vℓ(X), eλ)
and the gssℓ -module Vℓ(X) is absolutely simple. Pick a finite algebraic field extension
L/Qℓ such that the semisimple L-Lie algebra g = g
ss
ℓ ⊗Qℓ L splits. By a theorem
of Pink [23], all simple factors of g are classical Lie algebras and the highest weight
of the simple g-module Vℓ(X)⊗Qℓ L is minuscule.
Now let us consider the case of ℓ = 2. Applying Corollary 7.5, we conclude
that gss2 is an absolutely simple Q2-Lie algebra and therefore g is an absolutely
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simple L-Lie algebra. It follows from the theorem of Pink that g is a classical
simple Lie algebra and the highest weight of the simple g-module V2(X) ⊗Q2 L
is minuscule. Applying Corollary 7.6, we conclude that gss2 = sp(V2(X), eλ) and
g2,X = Q2Id⊕ sp(V2(X), eλ).
Now the case of arbitrary ℓ follows from Lemma 8.2 in [42]. 
Theorem 8.3. Suppose that K is a field that is finitely generated over Q. Suppose
that f(x) ∈ K[x] is a polynomial of degree n ≥ 10 such that f(x) = (x− t)h(x) with
t ∈ K and h(x) ∈ K[x]. Suppose that Gal(h) is either the full symmetric group
Sn−1 or the alternating group An−1. Let Cf be the hyperelliptic curve y
2 = f(x),
let J(Cf ) be its jacobian and λ the principal polarization on J(Cf ) attached to the
theta divisor. Then for all primes ℓ
gℓ,J(Cf ) = QℓId⊕ sp(Vℓ(J(Cf )), eλ)
and the group Gℓ,J(Cf ),K is an open subgroup in Gp(Vℓ(X), eλ).
Proof. As above, the openness property follows from the coincidence of the cor-
responding Lie algebras. So, it is suffices to check that gℓ,J(Cf ) coincides with
QℓId⊕ sp(Vℓ(J(Cf )), eλ).
Suppose that n is even. Then as in the Proof of Theorem 1.3 (Sect. 1), the curve
Cf is K-biregularly isomorphic to
Ch2 : y
2
1 = h2(x1)
where h2(x1) ∈ K[x1] is a certain degree (n − 1) polynomial, whose Galois group
is either Sn−1 or An−1 respectively. Since n − 1 ≥ 9, the assertion follows from
Theorem 2.4 of [42] applied to the polynomial h2(x1).
Suppose now that n is odd and therefore n ≥ 11. We have n − 1 = 2g where
g is an integer that is greater or equal than 5. Replacing if necessary, K by its
suitable quadratic extension, we may and will assume that Gal(h) = A2g. By
Theorem 1.5, End(J(Cf )) = Z. By Lemma 5.2, G˜2,J(Cf ),ℓ = Gal(h) and therefore
G˜2,J(Cf ),K = A2g. As we have seen in Section 4, there is a continuous surjective
homomorphism
π2,J(Cf ),K : G2,J(Cf ),K ։ G˜2,J(Cf ),K = A2g.
Now the result follows from Theorem 8.2 applied to F = K and X = J(Cf ). 
9. Tate classes
The aim of this and next Sections is to use the classical invariant theory of
symplectic groups [13] in order to deduce from results of the previous Section the
validity of certain important conjectures for our J(Cf ) and its self-products.
Theorem 9.1. Suppose that K is a field that is finitely generated over Q. Suppose
that f(x) ∈ K[x] is a polynomial of degree n ≥ 10 such that f(x) = (x− t)h(x) with
t ∈ K and h(x) ∈ K[x]. Suppose that Gal(h) is either the full symmetric group
Sn−1 or the alternating group An−1.
Let Cf be the hyperelliptic curve y
2 = f(x) and J(Cf ) its jacobian. Let K
′ be a
finite algebraic extension of K.
Then for all primes ℓ and on each self-product J(Cf )
m of J(Cf ) every ℓ-adic
Tate class over K ′ can be presented as a linear combination of products of divisor
classes. In particular, the Tate conjecture holds true for all J(Cf )
m.
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Proof. Recall [33] that one may view Tate classes on J(Cf )
m as tensor invariants
of the Lie algebra gℓ,J(Cf )
⋂
sp(Vℓ(J(Cf ), eλ) in
Vm,i := HomQℓ(∧
2i
Qℓ
(Vℓ(J(Cf ))
m),Qℓ).
By Theorem 8.3,
gℓ,J(Cf )
⋂
sp(Vℓ(J(Cf )), eλ) =
[QℓId⊕ sp(Vℓ(J(Cf )), eλ)]
⋂
sp(Vℓ(J(Cf )), eλ) = sp(Vℓ(J(Cf )), eλ).
The invariant theory for symplectic groups ([13, Th. 2 on p. 543], [25]; see also
[39]) tells us that every sp(Vℓ(J(Cf )), eλ)-invariant in Vm,i could be presented as a
linear combination of exterior products of sp(Vℓ(J(Cf )), eλ)-invariants in Vm,1, i.e.,
of sp(Vℓ(J(Cf )), eλ)-invariant alternating bilinear forms on
Vℓ(J(Cf ))
m =
m⊕
j=1
Vℓ(J(Cf )).
The description of those alternating invariant bilinear forms given in Remark 8.1
implies that they all are linear combinations of divisors classes on J(Cf ))
m with
coefficients in Qℓ. It follows that each ℓ-adic Tate class can be presented as a a
linear combination of products of divisor classes and therefore is algebraic. 
Remark 9.2. In codimension 1 the Tate conjecture for all abelian varieties over
K is proven by Faltings [9, 10].
10. Hodge classes
Let X be a complex abelian variety of positive dimension, Let
VQ = VQ(X) := H1(X(C),Q)
be the first rational homology group of the complex torus X(C) and let
eλ,Q : VQ(X)× VQ(X)→ Q
be the alternating nondegenerate Q-bilinear (Riemann) form attached to a po-
larization λ on X . Let Sp(VQ(X), eλ,Q) ⊂ GL(VQ(X)) be the Q-algebraic sym-
plectic group attached to eλ,Q. We write sp((VQ(X), eλ,Q) for the Lie algebra of
Sp(VQ(X), eλ,Q): it is an absolutely simple absolutely irreducible Q-Lie subalge-
bra of EndQ(VQ(X)). Let Gp(VQ(X), eλ,Q) ⊂ GL(VQ(X)) be the (connected) Q-
algebraic (sub)group of symplectic similitudes attached to eλ,Q. We have
Sp(VQ(X), eλ,Q) ⊂ Gp(VQ(X), eλ,Q) ⊂ GL(VQ(X)).
The Lie algebra of Gp(VQ(X), eλ,Q) coincides with QId⊕ sp((VQ(X), eλ,Q); here Id
is the identity map on VQ(X).
We refer to [25] for the definition of the Mumford–Tate group MT = MTX of
X ; it is a reductive connected Q-algebraic subgroup of Gp(VQ(X), eλ,Q). We have
MTX ⊂ Gp(VQ(X), eλ,Q) ⊂ GL(VQ(X)).
We write mtX for the Lie algebra of MTX : it is a reductive algebraic Q-Lie subal-
gebra of EndQ(VQ(X)). It is well-known [25] that
QId ⊂ mtX ⊂ QId⊕ sp(VQ(X), eλ,Q) ⊂ EndQ(VQ(X)).
We refer to [29, Sect. 3 and 4] for the precise statement and a discussion of the
Mumford–Tate conjecture for abelian varieties. (See also [37].)
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Theorem 10.1. Suppose that f(x) ∈ C[x] is a polynomial of degree n ≥ 10 without
multiple roots. Let Cf be the hyperelliptic curve y
2 = f(x) and X = J(Cf ) its
jacobian, viewed as a complex abelian variety provided with the canonical principal
polarization λ attached to the theta divisor. Let
eλ,Q : VQ(X)× VQ(X)→ Q
be the alternating nondegenerate Q-bilinear (Riemann) form attached to λ.
Suppose that all the coefficients of f(x) lie in a subfield K ⊂ C and f(x) =
(x− t)h(x) with t ∈ K, h(x) ∈ K[x]. Assume also that K is finitely generated over
Q and the Galois group of h(x) over K is either Sn−1 or An−1.
Then:
• The Mumford–Tate group of X coincides with Gp(VQ(X), eλ,Q).
• Each Hodge class on every self-product Xm of X can be presented as a
linear combination of products of divisor classes. In particular, the Hodge
conjecture holds true for all Xm.
• The Mumford–Tate conjecture holds true for J(Cf ). (Here J(Cf ) is viewed
as an abelian variety over K.)
Proof. We use the arguments from [42, p. 429]. Let K¯ ⊂ C be the algebraic closure
of K in C. For each prime ℓ let us consider the Qℓ-vector space
Πℓ = VQ(X)⊗Q Qℓ.
Then there is a well-known (comparison) isomorphism ofQℓ-vector spaces [20, 38]
γℓ : Πℓ ∼= Vℓ(J(Cf ))
such that, by a theorem of Piatetski-Shapiro–Deligne–Borovoi [5, 29],
γℓgℓ,Xγ
−1
ℓ ⊂ mtX ⊗Q Qℓ ⊂ [QId⊕ sp((VQ(X), eλ,Q)]⊗Q Qℓ.
It follows from Theorem 8.3, the Qℓ-dimension of gℓ,X and the Q-dimension of
QId⊕ sp(VQ(X), eλ,Q) do coincide. It follows that
γℓgℓ,Xγ
−1
ℓ = mtX ⊗Q Qℓ = [QId⊕ sp(VQ(X), eλ,Q)]⊗Q Qℓ.
The first equality means that the Mumford-Tate conjecture holds true for J(Cf ).
The second equality means that the Q-dimensions of mtX andQId⊕sp(VQ(X), eλ,Q)
do coincide. Since mtX ⊂ QId⊕ sp(VQ(X), eλ,Q), we conclude that
mtX = QId⊕ sp(VQ(X), eλ,Q).
This implies that MTX = Gp(VQ(X), eQ), because their Q-Lie algebras do coincide.
Recall [25] that the Hodge classes on a self-product Xm of X can be viewed as
tensor invariants of the Q-Lie algebra
mtX
⋂
sp(VQ(X), eλ,Q) = [QId⊕ sp(VQ(X), eλ,Q)]
⋂
sp(VQ(X), eλ,Q) =
sp(VQ(X), eλ,Q)
in the Q-vector space
VQ,m,i := HomQ(∧
2j
Q (VQ(X)
m),Q)
where
VQ(X)
m :=
m⊕
j=1
VQ(X).
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The invariant theory for symplectic groups ([13, Th. 2 on p. 543]) implies that
every sp(VQ(J(Cf )), eλ,Q)-invariant tensor in VQ,m,i could be presented as a linear
combination of exterior products of sp(VQ(J(Cf )), eλ,Q)-invariants in VQ,m,1, i.e.,
of sp(Vℓ(J(Cf )), eλ,Q)-invariant alternating bilinear forms on
VQ(J(Cf ))
m =
m⊕
j=1
VQ(J(Cf )).
This implies [25] that each Hodge class on Xm can be presented as a linear com-
bination of products of divisor classes. In particular, every Hodge class on Xm is
algebraic, i.e., the Hodge conjecture is true for Xm in all dimensions. 
11. Appendix
Corrigendum to [42]
Page 408, Proposition 3.3(i), the first sentence. In addition, π′(H) is normal in
π′(G) and H ′ is normal in G′.
Page 409, line 3. The Rj should be Sj .
Page 409, Corollary 3.4(ii). In addition, H−1,α is normal is G−1,α.
Page 421, Step 4. The Adi,E is the canonical central isogeny Gi → G
Ad
i of
absolutely simple E-algebraic groups.
Corrigendum to [46]
Theorem 1.1 on page 408. The B(h) in assertion (i) should be B(f).
Lemma 3.5 on page 419. The End0(Y ) should be End0(X) and the Y should be
X .
Theorem 3.11 on page 422. The Y should satisfy either condition (i) or condition
(ii) (not necessarily both).
Proof of Theorem 3.11 on page 423 should be modified as follows. The assertion
(in the last sentence of the first paragraph) that Aut(X) is a finite cyclic group does
not follow from Theorem 3.7. However, every finite subgroup of Aut(X) is cyclic,
because Aut(X) ⊂ End0(X)∗ and, by Theorem 3.7, End0(X) is a field. On the
other hand, since the isomorphism u is always defined over a finite Galois extension
of the ground field F , the image of the cocycle-homomorphism c is a finite subgroup
of Aut(X) and therefore is a (finite) cyclic group. The rest of the proof remains
unchanged.
Page 423: in the (third) displayed formula in the middle of page (the subscript)
Y should be X , as well as in the formula in the previous line.
Proof of Theorem 1.1 on page 429. The B(h) in the first displayed formula
should be B(f). The GB(h) in the next line should be GB(f).
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